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Motivation: Maximal Information Coefficient
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Motivation: Maximal Information Coefficient

: CorGC i
Mutual Inf t incl Maximal
Relationship Type ~ MIC Pearson Spearman (ED‘S‘ nz{,‘;ﬂ;g" ) Corr:llation
Random 0.18 -0.02 -0.02 0.01 0.03 0.19 0.01
Linear
Cubic
Exponential
Sinusoidal
(Fourier frequency)
Categorical

Periodic/Linear

Parabolic

Sinusoidal
(non-Fourier frequency)

Sinusoidal
(varying frequency)

® These maximal correlation values < 1 were due to lack of convergence



Motivatio aximal Information Coefficient

Maximal Information Coefficient (MIC)
0.80 0.65 0.50 0.35

Relationship Type ——— Added Noise ——>

Two Lines :

Line and Parabola

Ellipse

Sinusoid
(Mixture of two signals)

Non-coexistence

® Are these “non-functional” patterns important? 3
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Five functionally related genes in A. thaliana (Kim et al., 2012)

root tissues; Blue: shoot tissues

Red:



Motivation: Simpson’s Paradox
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Pearson cor (all) = 0



Motivation: Simpson’s Paradox
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Review: Scalar-valued Association Measures

Measure: IR x R — IR

Relationship Type

Measure

Linear

Pearson correlation

Monotone

Spearman'’s rank correlation
Kendall's 7

Functional

1-to-1
(o) General

maximal correlation (Rényi, 1959)
correlation curves (Bjerve and Doksum, 1993)
principal curves (Delicado and Smrekar, 2009)

generalized measures of correlation (Zheng et al., 2012)
count statistics (Wang et al., 2014)
G? statistic (Wang et al., 2017)

Dependent

Hoeffding's D
mutual information
HSIC (Gretton et al., 2005)
distance correlation (Székely et al., 2007)
maximal information coefficient (Reshef et al., 2011)
HHG association test statistic (Heller et al., 2012)




Review: Scalar-valued Association Measures

Measure: R x IR -+ R

Measures for Relationship Type | Interpretability | Flexibility
Linear best worst
Functional | Monotone
(1-to-1) General J
Dependent worst best




Measure: R x IR

— 1R

Review: Scalar-valued Association Measures

Measures for Relationship Type

Interpretability | Flexibility
Linear best worst
Functional | Monotone
(1-to-1) General
Dependent worst best
06 °
-1.°2 0
o Fopo o o 0%
T o B0 0 o
Ny ° oo Bel off
e o : :
S ] 08@95%‘@’;&;2 L8 s Mixture of linear dependences
° 000%60’ %o 8o o
T %o cFgeo e Widespread
wd o %5go
3 2 Y e Easy to interpret
Gene 1

e Calling for a new powerful measure



Review: Mixture of Linear Dependences

Model parameter estimation & inference:
e (Quandt and Ramsey, 1978; De Veaux, 1989)
e (Jacobs et al., 1991; Jones and McLachlan,

1992)
Over 40 years e (Wedel and DeSarbo, 1994; Turner, 2000)
e Statistics e (Hawkins et al., 2001; Hurn et al., 2003)
e Economics e (Leisch, 2008; Benaglia et al., 2009)
e Social sciences e (Scharl et al., 2009)
e Machine Algorithm:
learning e (Murtaph and Raftery, 1984)



Review: Mixture of Linear Dependences

Model parameter estimation & inference:
e (Quandt and Ramsey, 1978; De Veaux, 1989)
e (Jacobs et al., 1991; Jones and McLachlan,

1992)
Over 40 years e (Wedel and DeSarbo, 1994; Turner, 2000)
e Statistics e (Hawkins et al., 2001; Hurn et al., 2003)
e Economics e (Leisch, 2008; Benaglia et al., 2009)
e Social sciences e (Scharl et al., 2009)
e Machine Algorithm:
learning e (Murtaph and Raftery, 1984)

Association measure: question of interest



Formulati Supervised and Unsupervised Scena

e X, Y € IR — random variables whose relationship is of interest
e observed

e Ze{l,...,K} — indicator of linear relationship
e observed (supervised scenario)
e hidden (unsupervised scenario)

e When K =1, only the supervised scenario exists

Supervised Unsupervised
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Given the joint distribution of (X, Y, Z), denote

K

pus) =P(Z=k), k=1,...,K, with > pes)=1.
k=1

and
cov(X,Y|Z = k)

Vvar(X|Z = k)/var(Y|Z = k)

as the population Pearson correlation of (X, Y)|Z = k.

Pk(S) ‘=

Definition: pé(s)

The supervised population generalized R? is defined as

> 2 B cove(X,Y|Z)
Pg(s) = L [Pz(s)} =Bz [Var(XZ)Var (Y|2) Zpk(s /)k(s

® .



K-line Interpretation the Supervised Scenario

e Denote by 3 = (a, b,c)" a line

{(X,y)T:aX+by+c:0, where a, b, ¢ € IR with ‘97é00rb7r$0}C]R2

@ 1



K-line Interpretation the Supervised Scenario

e Denote by 3 = (a, b,c)" a line

{(X,y)T:aX+by+c:0, where a, b, ¢ € IR with ‘97é00rb7r$0}C]R2

¢ Perpendicular distance between (x,y)" and 3 is
d; :R?> x R3 — RR:

_ |ax+ by + |

dL ((va)Taﬁ) \/m

Symmetric between x and y

@ 1



K-line Interpretation the Supervised Scenario

17

e Denote by 3 = (a, b,c)" a line

{(X,y)T:aX+by+c:0, where a, b, ¢ € IR with a7é00rb7r$0}C]R2

¢ Perpendicular distance between (x,y)" and 3 is
d; :R?> x R3 — RR:

_ |ax+ by + |

dL ((va)T75) \/m

Symmetric between x and y

Definition: Supervised Population k-th Line Center

ﬁk(S) = argﬁmin]E [di ((Xa Y)T”@) ’ Z= k]

11



K-line Interpretation the Supervised Scenario

Definition: Supervised Population k-th Line Center
Bi(s) = argﬁmin]E [d? ((X,Y)",B)|Z = K]
corresponds to the first principal component of

var(X|Z = k)  cov(X, Y|Z = k)

> =
KT eov(X, Y|Z= k) var(Y|Z = k)

(Jolliffe, 2011)

Bk(sy = {B1(s), - - - »Bk(s)}: supervised population line centers

D -



Supervised Sample Generalized R?: Ré(s)

Consider a sample (X1, Y1,21), ..., (Xa, Yo, Z3)
Definition: Ré(s)

The supervised sample generalized R? is defined as

K
Ré(S) = Z Ak(S) : ﬁi(S)

R = [0, (% = Xus))(Yi = Vi) W(Zi = k)]’
) = T (% — Roq0)P(Zs = K] [ (s — Vig)PH(Z = W)

o Xi(s) = 7o Yory Xil(Z; = k); Yis) = o Yoy Yill(Zi = k)

nK(s)

" N(Z = k)

® Nk(s) = dim1
@ .

Nk(s)



Unsupervised Population Line Centers

Given the joint distribution of (X, Y)

Definition: By )

The unsupervised population line centers By = {B1w), - - - » Bru) }

Bkwy € argminIE | min d3 ((X, Y)',B)
Bk

BEBxk

Brw) = (ak(u), by ck(u))T: k-th unsupervised population line center

Remark: By is not unique in general

@ 14



Bkw) # Bk(s)

Supervised

X-Y+1=0,p,,2=049

PAVAL

-3

-6 4
-50 -25 00 25

Unsupervised
1.35X-Y+1.15=0,p, ,2=0,

15



Random Surrogate Index Z € {1,..., K}

17

Given the joint distribution of (X, Y)

Definition: Z
Suppose

e unique Bxw) = {Biw), - - - » Bk}
e zero probability that (X, Y) is equally close to more than one By

We define a random surrogate index Z as

Z = argmin d| ((X7 Y)T75k(u))
ke{l,....K}

which is uniquely determined by (X, Y') except in a measure zero set

If di (X, Y)T, Brwy) < minrsx di (X, Y)T, Brwy), then Z = k

16



Unsupervised Population Generalized R?: pé(u)

Given the joint distribution of (X, Y)
Definition: pg,,,
The unsupervised population R? is defined as
K
Pou) = D_ Pkt " Phen
k=1

where

Pk ‘= ]P(Z = k)
2o cov?(X, Y|Z = k)
KU Gar(X|Z = k) var(Y|Z = k)

® :



Unsupervised Sample Line Centers

Consider a sample (X1, Y1), ..., (Xs, Ya)

Definition: :§K( u)

The unsupervised sample line centers BK o) = {,81 @ =a ,,@ K(U )}

B € - d Xh\/iTa
K(U) argm'n ZVEIIQK 7 ( )", 8)

. N T
Brw) = <5k(u)» bk(up@(u)) : k-th unsupervised sample line center

Remark: '§K(u) is not unique in general

® :



K-lines Clustering Algorithm

17

Algorithm 1 K-lines clustering algorithm
1: input:

Sample: {(X;, i)}y
K: number of line centers
2: procedure K-LINES({(X;, Yi)}iy, K)
3: Initial cluster assignment: C%D), .. ,CE?), such that UkKZIC;O) ={1,...,n}
4: Given the initial cluster assignment, the algorithm proceeds by alternating between two

steps in each iteration. In the ¢-th iteration, t =1,2,...

Recentering step: Calculate the cluster line centers ﬁ(lt()u), . ,Bﬁﬁ)(u) based on the cluster
assignment C{til), ceey Cgfl)

Assignment step: Update the cluster assignment as

~(t

e = {id. (06 YT Biy) < du (X6 YT Blgy) Vs =1, K}

5: Stop the iteration when the cluster assignment no longer changes.
6: output:

Cluster assignment Ci,...,Cx

K unsupervised sample line centers El(u)-, cey ﬁ K (U)

19



~

Sample Surrogate Index Zi,.. 2,

Consider a sample (X1, Y1), ..., (Xs, Y2)

-~

Definition: Z;
Suppose

e unique EK(M) = {Bl(u), cee 73[{(“)}

For each (X, Y;), we define its sample surrogate index

~

Z;:= argmin d| ((X,-, Y,-)T,Bk(u)) ,i=1,...,n
ke{l,...,K}

which is uniquely determined by the sample

~

Zi=k < i€y,

Ck: the k-th cluster output by the K-lines clustering algorithm, assuming
the global minimum is achieved

® .



Unsupervised Sample Generalized R*: R,

Consider a sample (X1, Y1), s Ya)

ey

Definition: Ré(u)

The unsupervised sample generalized R? is defined as

K
Ré(u) = Zﬁk(u) 'ﬁi(u)
k=1

k() — . _ 5 = . _ 5 =
|:Zi:1 (Xi = X)L (Z: =k |:Zi:l (Yi = Yey) I (Z, = k)]
with
o Xy = ,,k(lu) i Xl (Z‘ = k); Yy = nk(lu) > Vil (Zi = k>



Choose K in the Unsupervised Scenario

Criteria

1. Average within-cluster sum of perpendicular distances

Definition: W(Bk, P,)

W BK7 : ZB@?KdL XHY")T7B)
- / min L (()7.8) P (. )"

P,: the empirical measure by placing mass n~! at each (X, Y;)

D .



Choose K in the Unsupervised Scenario

Criteria

2. Akaike information criterion (AIC)
Definition: AIC(K)

AIC(K) :=12K =2 logp (X,-, Y;
i=1

,\ K
{5k(u), Bruys Zk) }k_l)

where

_ K
{5k(u), iy S }k_1>

® :



Asymptotic Distribution of [)é(s) — General

17

Define
c d
X —E[X|Z=k Y -E[Y|Z=k

Hxeyd k(s) = IE X] | ¥ ] Z=k|,c,deN

’ var(X|Z = k) var(Y|Z = k)
Theorem:
Assume fixa x5y < 00 and fiya sy < oo forall k =1,..., K. Then

d
Vn (Ré(S) - P2g(5)) — N (07 7(25))

where

Ns) =

M=

(As) + Bus)) +2 Z Z Cir(s)

1 1<k<r<K

>
|

4 B!
Ak(s) = Pk(S) {/’k(s) (l‘x‘*,k(s) +2052y2 sy T “Y“,k(s)) — 4pk(s) (wa,k(s) + “XY3,k(S))
2
+4pk(8)/”X2Y2,k(S)]
Bis) = Pus) (1 = Pus)) Pics)

Cr(S) = — PK(S) Pr(S) ﬂi(s) /’2(5) 24



Asymptotic Distribution of /)é(s) — Bivariate Gaussian Mixture

Corollary:
In the special case where (X, Y)|(Z = k) follows a bivariate Gaussian
distribution for all k =1,..., K, 7(25) becomes

2 a 2 2 2 4
W)= {4 PK(S) Pi(s) (1 - pk(S)) + pics) (1= Ps)) Pies)
k=1
=2 Z Z PK(S) Pr(S) Pi(s) PE(S)

1<k<r<K

which only depends on py(s) and pi(s), k=1,...,K

25



Strong Consistency of the K-lines Clustering

Theorem:

Suppose

o J11Ge )T P (e, dy)T) < o0
e for each k =1,..., K, there is unique By, = argming W(By, P)

As the sample size n — oo,
/B\K(Z/{) — Bk almost surely

and

~

W (Bky: Pn) = W(Bky, P) almost surely

® -



Asymptotic Distribution of Pé(m — General

17

Define
. c . d
X — B[X|Z = K] Y-E[Y|IZ=k) |5

var(X|Z = k) \/var(Y|Z = k)

Hxeyd k) = E

Theorem:
Assume fixa yy < 00 and fiya ) < o0 forall k =1,..., K. Then
d
Vn (Ré(u) - pé(m) —N (o, 7(21/{))

where

K

Yoy =D, (Axen + Bean) +2 DD Cory
=il 1<k<r<K

4 g
Ak) = Pr(u) {/’k(u) (/‘x‘*,k(u) +2ux2y2 ) + HYA',k(Z/{)) — 4Pk (“x3 v k) T /‘xy3,k(u))

2
+4pkuHx2 y2,k(u)]
Brwy = Py (1 — Prsy) Pi(u)

2 2 2
Cr(ut) = — P(ut) Pr(t) Piut) Pr(u1)



Asymptotic Distribution of Pé(u) — Bivariate Gaussian Mixture

Corollary:
In the special case where (X, Y)|(Z = k) follows a bivariate Gaussian
distribution for all k =1,..., K, 7(21/{) becomes
K 2
’Y(ZM) = Z [4 Pk(u1) Pi(u) (1 - Pi(u)) + Prwy (1= Prw) pi(u)
k=1
=23 > Py Prwsy Pr) Py
1<k<r<K

which only depends on pj@) and pi(u), k=1,....K

® :



Simulation: Numerical Verification of Asymptotic Distributions

(X, YI(Z = k) ~ N (e, Z)

Setting Supervised Unsupervised
n =50 n =100 n =50
7 5 A 7 =
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1 3 ]
-5 S
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N ~
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Simulation: Numerical Verification of Confidence Intervals

(X V)(Z = k) ~ N (px; Z)

Setting Supervised Unsupervised
- n =50 o n=100 . n =50 o
g g } { o2 { } } g { } }
3 B e Te
83 83 23 23
o ° ° °
ASymipiotic Plug-in _ Boolstrap ASymiptotic Plug-in _ Bootstrap 0 1 2 35 ASmhoic Pugn  Boolstrap ASympiotic Piug-in _Bootsir
X
o o o o
3 3 } { { 3 { } } 3
53 58 i 58 oafl % t
B b Pe b e
83 83 83 23
o o T o o
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Simulation: Choose K

W(BK, P)

Al

(X; YI(Z = k) ~ N (px; Z)

00 02 04 06 08
. M L

Setting 1 Setting 2 Setting 3 Setting 4
IR E £ 3
T g T S T A
2 6 8 10 2 4 6 8 10 6 8 10
3 3 3
s g
o 1 o 8 e 3
H H 2
g R g |
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Simulation: Choose K

W(BK, Pr)

Al

(X, V(2 = k) ~ tu, (p; k)

Setting 5 Setting 6 Setting 7 Setting 8
el @] :
B H A E
T A H - g -
2 6 8 10 2 6 8 10 2 4 6 8 10
3 3 3
o 8 s
o 7 o g o #]
H 28 2
g4 g
g 4
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Simulation: Power

Y
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R

—+- maxCor

.

-
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Simulation: Power Analysis

noiseless pattern n=30 n =200
. o 100 100
. -
10
075 075
8 ]
> 0 5 050 H 0.50
& &
025 025
-10 } \ Measures
2
sl s o 000 A
-5 -0 -5 0 5 10 15 1 2 3 4~ maxCor
X o
. ~-  dCor
noiseless pattern
10 . 100 o0 = MIC
’ = R
s G(v)
. 075 075
I I
% S50 H 050
« & &
s .
. 0.25 0.25
2
0.00 0.00
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Real Data Application 1

17

Value

GSL gene pairs in arabidopsis RNA-seq data

maxCor dCor

1.00-
0.75-
0.50-
0.25-
Measures
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G(U) K=2) (S)(tlssue)
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[]
1.00- .

. dCor
0.50- B co«2
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. Ré(s) (condition)

Ré(s) (condition) Ré(s) (treatment) Ré(s) (replicate) |:| Ré(s) (treatment)
1.00- . RZ(s) (replicate)

1t At u
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0.00-
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Real Data Application 2

Cell-cycle gene pairs in single—cell RNA-seq data

R? maxCor dCor

0.75-

0.50-

0.25-

Measures
2

0.00- R
[} maxCor
2 K =2)
g s(u) ( dCor

0.75- = Ry (K=2)
0.50-
0.25-
0.00-

o Cdc25b-Lats2 receive the hlghest g(u) value (Mukai et al., 2015)
e Lats2 appears in the top 25% pairs that have the highest Rg(u)
® values (Yabuta et al., 2007) 38



Summary & Future Directions

Summary

e A mixture of linear dependences
e Generalized (population and sample) R? measures

e Supervised scenario
e Unsupervised scenario

e Statistical inference of the generalized population R? measures

e K-lines algorithm

Future Directions

e A sequential test for K =1,2,..., Knax

e Rank-based generalized R? measures

K-S :



Paper and Software

Generalized R? Measures for a Mixture of Bivariate Linear
Dependences

by Jingyi Jessica Li, Xin Tong, and Peter J. Bickel
arXiv:1811.09965

R package gR2
https://github.com/1ijy03/gR2
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https://github.com/lijy03/gR2
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